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1. INTRODUCTION

There are many references on numerical evaluation of Cauchy-type
integrals

1,00 = [ Az

dr, (€L (1.1)

{possibly, with a weight function), using orthogonal polynomials when L is
an interval on the real axis, e.g., [1—4]. If L is the unit circle, it was shown in
[5] that such integrals are approximated by interpolatory polynomial splines
of any odd degree under the assumption that the density function f(¢) is
holomorphic in the interior and continuous on the boundary of the circle up
to a certain order of its derivatives. In [6], the same problem under a similar
hypothesis on f(t) was discussed for cubic interpolating splines in case L is
an arbitrary smooth closed contour.
Let L be an arbitrary smooth curve, closed or open (L = &B), and

dia=t,<t, < -+ <Lty=5b

be a partition of L (zy = {, when L is closed), where L; < L, , means that L,
precedes L; , when one travels along L in its given direction. If f{f) is a
function € H* (Holder condition) on L and §,(¢) linearly interpolates f(¢) at
the ¢;’s, Atkinson [7] succeeded in proving the uniform convergence of 7, S,

to T, f when L is closed,
1Trf— Ty Sallo < C8%75 d=max|t;,, — 4, (1.2)
where C, is a constant independent of A, provided

K,=max |t , —t;|/minit; | — ¢ (1.3)

is bounded for all the A’s.
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This result was proved by using a theorem (cf. [7, Theorem 2]) which
itself depends on an interesting but complicated lemma. We find that it may
be easily proved by the following simple approach. Let L be a smooth
contour and f(¢1) € H* (0 < a < 1) on it. In the Banach space H®, we know
[8] that

[ llire = 1/l oo + Mo (), (1.4)

where

Lf(&)— /)

M, (f)= sup ; (1.5)

neer [E—1t']®

then the operator T is linear with norm || T,||,. Therefore,

1T lloo ST e ST 1S e = 1 Tella L1 Wo + Ma(F)) - (1.6)

Now, if f &€ H* (0 < e < 1) and f, € H® is a sequence of functions on L, and
if we can estimate | e, (t)|, = || f(¢) — f,(t)| and M(e,), then, by (1.6), we
may estimate || T, e, ]|, by

1T, enlle, < Cilllenller + MLe,)] (1.7)

We shall use (1.7) to estimate ||T, e, =T,/ — T, S,]l both in the
cases f(f) € H* and f(t) € C'.

The structure of T, S,(¢) is very simple because of its linearity on each
sub-arc of L. However, S,(¢), as well as T, S,(¢), is not smooth in general
even if f(¢) is smooth. We shall establish analogous results for quadratic
interpolating splines® in place of linear ones, so that T, S,(¢) will be smooth.
However, if f/(t) € H* on L, we could not conclude the convergence of
T, S,(2) to T, f'(t). Using cubic interpolating splines of deficiency 2 which
were discussed in [9], we may establish such convergence. We also establish
the convergence of T,S¥(t) to T,f(t) when f& H®, where Sk is the
modified cubic interpolating spline of deficiency 2 which was also introduced
in [9]. Here T, SX(¢) as well as S¥(¢) is smooth.

The results of this paper are also valid when L is an open smooth arc ab.

' We use the symbol C, to represent a constant depending on & which may take different
values in different cases. Similarly, C represents an absolute constant taking various values in
various cases.

K. Atkinson also proved such convergence for “quadratic interpolating splines” which are
different in meaning from those introduced here. He made interpolations of the values of f(¢)
at three consecutive knots by a quadratic function. Such splines, in general, are not smooth
too.
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To show this, we note that (1.7) remains true in this case, provided that the
additional requirements

fla)=/fla),  f(b)=S(b) (1.8)

are fulfilled. In fact, we may extend L to a smooth contour L* and
simultaneously extend f(¢) to £ *(¢) on L* such that f*(¢) € H® on L*. Since
(1.8) is satisfied, we may extend £, (¢) to £ ¥(¢f) on L* such that f*(¢) = /*(¢)
on L*— L, so that f¥(¢) € H® on L* too. Let e} = f* — f*, then (1.7) is
valid for e}. Now T;.ef =T, e,, |l€,llo = €F].- Let us estimate M (e}). If
t,t' €L, then

lef(t) —ex () < Mfe,) [t —1'[

ift,t’ € L*— L, this is trivial. Let t€ L, ' € L* — L and let a be situated
on the shorter arc of #’. Then

!e;lk(t) - e,’,"(t’)l = Ien(t)l = |en(t) - en(a)| < Ms(en) It - aIE
<M fe,) |t S C.M(e,) |t '],

where we have used a well-known inequality

li'| < Clt—1'). (1.9)
Therefore,
M (e¥) < C.Me,)

and thence (1.7) remains valid.

2. THE LINEAR INTERPOLATING SPLINES

Let L be a smooth contour and f(¢) € H* (0 < @ < 1) on it. Denote

L=t 3=f0) A=y~ D;=dy;/4t;.

(We use the conventions y;, y = y;, 4y;,, = 4y;, etc.) Then, for any linear
interpolating spline S,(z), we have

S,()=S(t)y=y;+ D;(t — 1), teL;,, j=0,1.,N-1 (2.1)
It is evident that

lea(®) =1/(t) = Sa() < C" (22)
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since, by (1.9),

|t —t)
|4t

4s;
| At

/]

|Dj(t —t;)| < Co° < Co° < Co°, teL,,

J

where 4s; is the arc-length of L;. Similarly, if ¢, ¢’ belong to the same L,
then

lea(t) — e (t) K Clt—t'|* < Co* |t —t'|° (2.3)
IfteL;,, ' €L,,j+k, then

lea(t) — et < léA(t)l +lea(t') =l es(t) — es(t))] + ley(t,) — es(t")

Y/

SCle=4* + 6= |*] < C* |t — g + |1, — ' |]
S CO (1)) + || < Co*~* ||
LCo* |t — 1), (2.3)'

i.e., (2.3) remains true. Therefore
M (e,) < Co* (2.4)
From (2.2) and (2.4), we obtain, by (1.7),
T, eslle < Ced™" (2.5)

Obviously, it is then also true for a = 1.
Now, let us consider the case f(t) € C'. We denote the modulus of
continuity of f”(¢) by w,(6) (r > 0) throughout the paper. Then, if tE L,,

|f(t) ~ Yi— Dj(t" tj)| =

J:. [f’(r)—Dj]dr

N fl de J '@ =1 ©] dcl
,(8)
| 4t;)

<

As; < Cw,(9) 6. (2.6)
Similarly, if ¢, ¢’ € L;, we have
lea(t) — ex(t) < Cw,(8) |t — t'| < Cw (9) 6" ~F |t — 1|5 (2.7)

if 1, ' belong to different L;’s, then as in (2.3)’, we also get (2.7). Hence

M, (e4) < Covy(8) 67" (2.8)
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Again by (1.7), we have from (2.6) and (2.8),
[T, eslle < Co0,(8) 6" (2.9)
If L = ab is an open smooth arc, since
Sa@)=Sla),  §,(0)=/s(b), (2.10)

(2.5) and (2.9) remain valid.
Thus, we obtain

THEOREM 1. Let L be a smooth curve, closed or open, and S ,(t) be the
linear interpolating spline of f(t). If f(t1) € H* (0 < a < 1), then

T, f— T, SAl<C6° 5
if f(t) € C', then
| T, f— T, 841 < Cewl(é)élue'
CoroLLARY 1. Iff'(1)€ H* (0 < a < 1), then

ITLf_TLSA|\<\C55Hn-E- (2.11)

COROLLARY 2. If|f"(t)| is bounded, then
ITLf_ TLSAI < Ccézﬁs' (2-12)

Corollary 2 is also a result due to Atkinson for closed L.

We note that all the values of the C.’s in this section do not depend on 4
and so are independent of K, in (1.3); therefore it is not necessary to require
K, to be bounded as stated in [7].

3. THE QUADRATIC INTERPOLATING SPLINES

Though there are works describing briefly polynomial interpolating splines
on a Jordan curve {10, 11] and dealing with quadratic splines on an interval
of the real axis [12, 13], we shall discuss the latter in the complex domain
somewhat in detail, whether L is closed or open.

First, let us consider the case L is closed. A quadratic spline S,(¢) inter-
polating f1(¢) at ¢s, if any, may be represented in various ways, for instance,

Sa)=S,0)= 3, + Dft~ ) + 511~ 1)t~ ),

€L, j=01L..N=1 (1)
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with the requirements

-1

j=1..N, (3.2)

where 4D;_,=D;—D; ,, so as to guarantee the continuity of S,(¢) at
=t;.
S

If N is odd, we readily see that (3.2) is uniquely solvable:
Aj=—3(4D;— 4D, , + 4D, — 4D 3+ - + 4D )
=4D; ,+4D; 4 +4D;, 5, j=0, 1., N—1, (3.3)
since ' D;=0.
If N is even, (3.2) is solvable iff
4Dy + dDy + -+ 4D,,_,=0 (3.4)
or

Dy+Dy+ - +Dy =D, +Dy+ - +Dy_,. (3.4)

In the case L = ab is an open arc, then, for such a spline, expression (3.1)
remains effective, but requirements (3.2) are replaced by

A +A4;=—=AD, ;,  j=1l.,N—1. (3.5)

Hence, we have a freedom to choose 4, or 4,. Or, more generally, we may
subject them to an additional relation

aAy+0Ay_ =, B+ (—1)"a. (3.6)
On solving (3.5) and (3.6), we get

(‘I)NV+BN—2 j .
Ag=—Z I8 4o (=1Y (o +B, )  Jj=l..N—1, (37

where
B;=AD,—AD+ 4D, — 4D, + --- + (—1)’AD,, Jj=0,1L.,N—2. (3.8)
Thus, we have

THEOREM 2. If L is closed, the quadratic interpolating spline S,(t)
exists uniguely when N is odd and it exists (but not uniquely) iff (3.4) or
(3.4)' is fulfilled when N is even; if L is open, it exists uniquely for arbitrary
N with additional requirement (3.6).
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Now we turn to the problems of approximation.

Again we consider first the case L is smooth and closed (N:odd). We
assume f(¢) € C'. In order to estimate e,(t) = f(¢) — S,(z), by (3.1), it is
necessary to estimate 4; in (3.3). Noting that

|ADj-|' < 'Dj - yj/| + |yj/ ~D;_, | < Cw,(6) (y,('” :f(’)([j))
we have
14, < (N = 1) Cwv,(9), (3.9)

and then
A
A_;-(t— D — 0| SV =1)Cw,(8) 6 < CKy w,(0), (3.10}
j

where K, is given by (1.3). Thus, by (3.1), we obtain from (2.6) and (3.10),
lea(lle < CK0,(0). (3.11)

If L is open, the similar estimate (3.9) is valid for |B;| by (3.8) and
thereby also for |4;| on account of (3.7). Hence (3.10) as well as (3.11)
remains true.

Therefore, we have

THEOREM 3. For a quadratic interpolating spline S ,(t), if f(t) € C', we
have the estimate

|/ (t) — S4(0)| < CK, 0,(6),
whether L is closed (N: odd), or open (N: arbitrary) with requirement (3.6).

We could not expect S;(¢) to tend to f'(¢) in this case even if L is closed.
In fact, we can only easily obtain the estimate

70— sy < &, 2, (.12)

Similarly, if f{t) € C, we can only obtain

@)

/1) = S4(0) < CK, =

(3.13)

To estimate | T, e,(¢)|l,, we assume f’'(1)€ H* (0 <a < 1). Then (3.11)
becomes

llea(®llw < CK4 6% (3.14)
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If t,t' € L;, then, by (3.9),
|ea(t) — ex(t")]
SO=SE)+1D,t— 1) + (t+t’—t—t,+1)(t—t)

J
Clt—t]*+(N—1)Cé% |t —1'|
KCO* Pt ="+ CKL 0% et —t' " CK, 0* ¢t —t'|. (3.15)

If ¢, ¢' belong to different L;’s, we may proceed as in (2.3)’ and verify (3.15)
remains true. Therefore,

Me,) < CK,0°° (3.16)
Together with (3.14), we have, by (1.7),
1T, eyl < C.K,y 82" (3.17)

Obviously, (3.17) remains valid then if a = 1.
For open arc L, since (2.10) is fulfilled for S,(¢), (3.17) is also valid.
Thus we obtain

THEOREM 4. For a quadratic interpolating spline S,(¢t), and f'(t) € H*
(0 < a < 1), we have the estimate

ITLf" TLSA| < CeKAaa_e’

whether L is closed (N: odd), or open (N: arbitrary) with the additional
requirement (3.6).

When K, < C for a set of {4}, (3.11) and (3.17) mean the corresponding
uniform convergency when ¢ = max |4¢;| - 0.

4. THE CuBIC INTERPOLATING SPLINES OF DEFICIENCY 2

Let L be a smooth curve, closed or not. The cubic interpolating spline of
deficiency 2 may be represented as

’

S,)=850=y;+ Dt —t) + y’——TQ’— (=) — tj+,)2 4.1)

Aty

yj+1

+ at;

’(t—t) t—1t, ), telL;, j=0,.,N—1
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We proved in [9]: if f(()EC" (r=1,2,3), then
e =1, @) = SP NI Cw8)d""  (0<p<r).  (42)
Let us estimate || T, e{”||.,, » =0, 1. We could not expect to estimate it for
p=2,3, since T, S{)(t) have unbounded discontinuities at the knots #/’s in
these cases.

First, we consider L as closed. We assume f(r) € C'. If t,t' € L, then by
(4.1),

es(t) —es(t") = [/ () = f(t') — Dyt — t')]

r—D.
(= )= 1) = @ = ) = 1))
J

Visi— D, / /
+_1+_;”_%_-i[(t—tj)2 t—t)— (' =) (¢ —1,,))]
J
=1, +1,+1,. 43)

Analogous to (2.6), we have
1,1 < Ca(9) [t —1").
Noting that
(=)= 10" = (@ =)' = 1;,1)’]

't d
= I,Er- [(T—[j)(f_’jﬂ)z]df

N3
= || t—4,)Br=2;—1,,)de

St

N
< ‘ (Sj01—S)s+ 58,4, —2s,)ds | < Cds}t—1],
Je

where s; is the arc-length coordinate of ¢;, we have

L€ | g | 170 = r ) de

LCw ()|t —1']

. CAs?|r—1']

and a similar estimate for |I,|. Therefore,

lea(t) = es(t") < Cw,(8) [t = 1'| < Caw(8) 6"~ * [t — 1'["
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If t, ¢’ belong to different L j’s, it is easy to prove this estimate remains true
by similar reasoning as before. Hence,

M,(es) < Coo,(3) 6"
Together with (4.2) (r=1, p=0), we obtain, by (1.7),
1T ealle < Cow,(8) 6" (4.4)

In order to estimate || 7, e} ||, we assume f'(t) € H* (0 < a < 1). Since

, yi—D;
S4(0) =D; +T‘ (t— tj+1)(3t— 2tj— tj+1)

J

to—D.
+—y—’+217i(t —)Gt—t,—2,,,), tEL,
J

if t,1' €L,
ext) —ex(t')

. '_D, +t d
= O -1 )+ 2 | =g, )BT -2, ) ds
J ¢

T, Y
+XL—1J L= 1)Br—t;— 2, Yde=J, +J,+J,.
t

At} . dr
We have
o |
|J2|<CW Jt,(3r—2tj+,~tj)dr

J
50 N

<CW jt,(Zs,—so—s)ds
6n 7 a—¢€ 1€ &

gcmn—mgw |t —t'|° K5
7

and a similar estimate for |J;|. Obviously, this is also true for |/,|. Therefore,

lealt) —es(t' )| < Co*~F|t — 'K},

which remains true if ¢, ¢/ belong to different L/s. Thus,

M (e}) < C6° K5,
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By virtue of (4.2), we have, by (1.7),
[T, eall < C.0%~ K. (4.5)
Then, obviously, it remains true for a = 1.

Let us now assume f(¢)€ C’. We may obtain a better estimate for
[Toeslls as well as [T, e}]l,,. We rewrite S(¢) as [9]

1
5/0=y+ ¥ =)+ 5/t~ 1)

) 1, (=) t+4y—2.,)
- [ij—y/' At == A’;] - A,J;j =
1 (t—1) (0 —t;4y)
- [ij_y;+1Atj+7y;’+lAt}J : 0 =
K
o=y (t_tj)2 (t—1,1)
. 4.6
+ 2 A4t (4.6)

J
Ift,¢' € L;, we have

ea() — et = |0 = 1) = 3l — ) =5y 1= 1) — (¢ ~ 1)

1
- [ij —yj Ay =5y} At}J
1 .t
X —_—
a8 },

J

d
,-d,;[(r—tj)2 (c+4—2t,,)]dr
7 1 7 2
_ [ij—yH,A{f-f?yjHAth
1 ¢t d )
— | =zt —t. —t
XAtJS J;[ dT [(T j) (T tj+l)] dT

R/ /A R TP

ZAIJ- J,rdT [(z tj) (t [j+1)]d7
—H,+H,+H,+H,.

We have

|H,| = <Cwy(0)d|t—1'|,

[La] L= p1a

1) o
|H,| < sz—() Jr’(s—sj)(4strl —5;,—3s)ds | < Cw,(8)d |t —1t'|

|4t;]
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and similar estimates for |H,| and |H,|. So we obtain
lea(t) = ea(t )] < Cw,(8) 0]t — 1'| < Cany(6) 6|1 = 1" [,
which may be verified to be valid also if ¢, ¢ belong to different L;’s. Thus,
M. (e,) < Cw,(6) 6>~
Together with (4.2), we have, by (1.7),
1T ealle, < Ci0y(8) 67" (4.7)

In order to get a better estimate || T, e} ||.,, we differentiate (4.6):

, . , L, (=Bt + ¢+ 44, )
2 At}
, r -, (t—1)Bt—1t;—-2t;,,)
_[ij—yj+lAtj+7yj+lAt;J J At}! j+1
Vi =yl —=0)@r—4-2,,)
+ .
2 At;
Hence, if #,#' € L;, we have
1
€40 = €4t = /') = 1) = 3} — 1) = | 4y, = vy dty = 3y 4|
1 +d
XFJNE(f_tj)(37+tj"4tj+1)dr

J

1
- ldy,-— Viv14L; +_2—y;,+1At}J

N3

d
XA—[?J,,E(T—tj)(}[—tj—2[j*,)d‘[
J
yioa—yl ' d , d
+TL;E(T—{"')(3T~["F tj+1) 7.
7

Using the same reasoning as before, it is easily seen

&
*

lea(t) — ea(t ) < Cwy(6) 6"~ F e — 1/

which is valid also for ¢, ¢’ belonging to different L;s. Thus,

M(e3) < Cwy(8) 6",
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and thereby, by (4.2), we obtain
T esll, <C (05(6) ' (4.8)

If f(¢) € C°, after rewriting S,(¢) as [9]

IH

3
St = y,-!—y}(t—t)—k (t—t)2 (t—t)
B ¥ y (t—1) (t+1;,—2t,,)
[ij y; di; 5 At 5 At J At}
, i i (=) (=14,
- [ij“J’jHAthr sz At} - !6+1 At; } : a7 -
“” ” w t‘)z (t — )
sty o ) < T
yII/ y/ll
— I () (- )
and proceeding as before, we may get
M,(ey) < Cw(8) 5~
and hence
1T esll < Cows(6) 07 ° (4.9)
In the same manner, we may also get
[T el < Cors() 62 (4.10)

We also note that, if L is open, we have in this case
Sp@)=fla), S,b0)=/0), Si@)=/"(a), Sib)=r'(b),

so that all the above results remain true.
Therefore, we obtain

THEOREM 5. Let S,(t) be the cubic interpolating spline of deficiency 2.
If f(r)ye C’, then

\T, f— T, 8, < C,w0,(6) 5%, r=1,2,3, @.11)
|T, f' — T, 84| <C,w,(8) 6%  r=2,3, (4.12)
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and if f'()E H* (0 <a < 1), then
| T, f =T, S, <C. K6, (4.13)

whether L is a smooth contour or an open smooth arc.

5. THE MobDIFIED CUBIC INTERPOLATING SPLINES OF DEFICIENCY 2

When f(t) does not possess any derivative but only € H?, in order to
approximate 7, f by smooth functions, we may use the modified cubic inter-
polating splines introduced in [9].

Suppose L is closed and S,(¢f) is the linear spline as in Section 2. By
taking two points ¢ and ¢;, respectively, on each L;_, and L; such that

|[;{_\tj|='tjt”|-}.mln(ds 1 S]), )'<%'

We interpolate S,(f) cubically on each L] = tj’tj” with the values and the first
derivatives of S,(¢) at ¢/, ¢/ and get S*(r). Then we defined [9]

SXB) =S8, when t€L],
=S,(), otherwise,
and proved that, if f({)E H* 0 <a< 1),
leX (D] =1/(6) — S¥) < €% (5.1)

Let us estimate M,(e}). On each arc t”tj’ 10 SEE)=840), so, if ¢, 1
belong to it, by (2.3)’,

lek(t) —ef(t") < Co*F|t—1t'|" (5.2)
If ¢, ¢’ belong to L], we have, similar to (4.3),
ef(t)y—ef(t)= [SA(t) Sa(e’ )+D*(t—t )]

L D*
l(m),z j &)=t de

Si(tj')— Df
_+_ J
At?

:G1+GZ+G37

ld "2 "
J,,dz (c—1) (r—1)dr
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where
S(t"Yy—S._,(t
D} = J(J)At!]_l(l)’ 4t =1/ —1.
J
Noting that S(t)=S;_,(¢;) and
S;(t/)— S{t;)=Dt] — 1)),
we have
|D;k, < IAt Sj(tjfl)—‘sj(tjn + |Sj—1(tj)_sjfl(tj{)”
Dt —t; D t—
|At|(' 8 =4+ 105118 = 1)
1 1
o ——
7 4y |4t

and thereby

1
|t~

|G,|<C|t—t'|"+C[ + [t—t'|<Clt—1|"

1 J
IAI}:H
On the other hand,

ISJ{—-I(tj{)—Dj*| = le—l “D'I

J

le) — 1] 1 1
7 <C —a + —-a |?
4] = [ldt,--ll’ |4t|' ]

while the modulus of the integral in G, is not greater than C|¢] t”12 |tr], and
lt t/'|/|4tj| < C, so that we have

|G| <Cle—2|*
and a similar estimate for |G,|. Therefore,
lef(t)—ef(t) < Clt—¢ "< Co* F|t— '~ (5.3)

If ¢, ¢ are situated in neither of the above two cases, we may then always
find two points 7,7, € {t], ¢} (maybe 7, =1,) on the shorter arc it such
that 7, is a sub-arc of some { t” or t"t’+l and so is 7,#'. Then proceeding as
before, we may verify (5.3) remains valid. Thus

s(eA ) 50 E
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Together with (5.1), we have, by (1.7),
1T eXllo, <C0°7° (5.4)

if a < 1, and so also if a= 1.
If L is an open smooth arc, we need not modify S,(#) near the endpoints a
and b, so that

Si@=/s),  Sy)=s()

and therefore (5.4) is also valid in this case.
Hence, we obtain

THEOREM 6. [f L is a smooth curve, closed or not, f({) EH* (0 <a< 1)
and S}(t) is the modified cubic interpolating spline of deficiency 2 described
as above, then

[T f =T SE[<Co" "

Remark. All the results in this paper are valid when L is a piece-wise
smooth curve without cusps, since inequality (1.9) remains true in this case.
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